INTRODUCTION
An important aspect during the development of a sensor consists in considering the relevant properties of the quantity which is to be measured. As soon as these properties have been identified, the sensor setup can be designed appropriately. The quality of the developed sensor setup can be determined utilizing different approaches, e.g. by finite element methods (FEM), physical modeling, or test measurements with sensor prototypes. Sensor prototypes can be costly and are therefore rarely utilized. FEM often provide useful results for complex setups when analytical methods cannot be utilized. Nevertheless, analytical methods have advantages, e.g. when the influence of varying geometries on the measurement result is of inter-
est.
In this work we analyze two different capacitive sensor setups, one for measuring the angle of an edge, one for measuring the quality of a blade. For each setup the Laplace equation is solved utilizing conformal mapping methods. Conformal maps provide an uncommon yet elegant way of constructing the field equations for certain types of problems which occur in diverse technical fields. Some current applications of conformal mapping methods are presented e.g. in [1] , [2] , [3] , [4] , and [5] .
Conformal mapping methods map a simple reference setup to complex electrode setups. The respective conformal mapping functions connect the known electric field distribution of the simple setup to the complex one. This approach yields the analytic expression for the electric field of the complex setup which describes the electric field of the complex electrode setup in terms of the position and the geometric parameters. The main disadvantage of conformal mapping methods consists in their restriction to two dimensional problems. However, many real world problems can be approximated by two dimensional models.
The basics of conformal mapping are given in [6] and [7] . A particularly useful method for obtaining conformal maps, the Schwarz-Christoffel Transform (SCT), is presented in detail in [8] . The SCT has been developed to map structures which form polygons, which is often the case in technical applications. In order to obtain a conformal mapping function through the SCT its parameters need to be computed. If the polygon consists of more than three corners, the SCT parameters cannot be computed analytically which constitutes the so-called SCT parameter problem [7] . We propose an approximation method based on a series expansion which permits the computation of an approximate analytic solution for the SCT parameter problem for polygons consisting of four corners or more. Thus, this method permits an in depth analysis of such sensor setups with respect to their geometric parameters.
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This article is organized in three parts. The first part presents a method for constructing conformal maps for capacitive sensor setups containing an air gap by combining different methods. In addition the connection between conformal mapping functions and the corresponding electric field equations is presented. The second part illustrates the construction of conformal maps and the corresponding field equations for two example setups. For the analysis of the edge measurement setup an exact solution is obtained, while for the blade measurement setup the proposed approximation method is employed. The third part illustrates the advantage of the obtained analytical field equations by performing sensitivity analyses with respect to the geometric parameters of the sensor setups.
II. CONFORMAL MAPPING
In this section a method for the construction of a conformal mapping function for sensor setups consisting of polygonal electrodes separated by an air gap is developed. In general it is difficult to obtain a conformal mapping function except for simple problems. There exists no generally applicable method for the construction of conformal maps, even though the Riemann mapping theorem guarantees the existence of conformal maps [6] . Instead there exist various methods for constructing conformal maps for different types of problems. The most commonly utilized methods are presented in [6] , and [9] , along with the fundamentals of conformal mapping theory. 
In (1) The Joukowski transform introduces gaps into closed contours. Alternatively, it can also be utilized to model the potential of a closed contour with two corners. Its general form is defined by (2) . (2) In (2) In (11) E(z) and φ(z) respectively represent the electric field and the potential distribution in the z-plane, ψ(w) represents the potential distribution in the w-plane, and f(w) represents the conformal mapping function. The derivation of this relation can be found in [6] or [10] .
The potential distribution ψ(w) depends on the choice for the reference setup. In this case the ideal infinite plate capacitor is utilized, for which ψ(w) is well known. If the potential of the electrode at v=0 is set to zero and the potential of the electrode at v=d is set to V then (5) defines ψ(w) where d represents the distance between the electrodes of the ideal plate capacitor.
The illustration in figure 1 implies that ψ(w)=ψ(u,v). Therefore, lines of constant u represent the lines of electric force, and lines of constant v represent equipotentials. These lines are mapped to curves in the z-plane.
III. APPLICATION EXAMPLES
In this section two measurement setups are analyzed utilizing conformal mapping methods.
The conformal mapping function for the edge measurement setup is obtained by utilizing the standard methods whereas for the blade measurement setup the proposed approximation method needs to be employed.
a. Edge measurement setup
The first example consists of the capacitive measurement setup illustrated in figure 2. The setup consists of an edge which is positioned at a height h above a sensor array. The edge angle is defined as 2α. Conformal mapping will be utilized to obtain the field equation for the electric field between the edge and the sensor array in terms of the geometric parameters of the measurement setup. The mapping function will be constructed according the approach presented in chapter II. The presented approach improves and extends previous work which has been presented in [11] . In the next step, the remaining SCT parameters A and B need to be determined. Computing the integral in (6) results in a function which contains singularities at w=1 and w=-1. These singularities prohibit the computation of the SCT parameters. In order to avoid these singularities (6) is multiplied by the constant factor (-1) -α which yields (7). This factor is absorbed by the generic parameter A and does not influence the final SCT.
The evaluation of the integral in (7) yields (8) which contains the hypergeometric function 2 F 1 (a,b;c;x), a so-called special function. Details about special functions can be found in [12] or at [13] . (8) The remaining unknown parameters A and B are now computed by comparing the positions of the corners in the different planes illustrated in figure 3 and 4 utilizing (8). The solution for the system of equations is given in (9) and (10).
The solutions for the SCT parameters only depend on the geometric parameters of the measurement setup. This is important for the subsequent analysis of the setup. Parameter A also 
a.ii Joukowski transform
Following the construction of the SCT, the Joukowski transform introduces the air gap to the mapping function by replacing the complex variable w in (11) by the right hand side of (2) which yields (12) . Figure 5 illustrates the position of the air gap in the auxiliary t 2 -plane. (12) a.iii Polar transform
The last step in the construction of the conformal mapping function consists in introducing the polar transform to (12) . Replacing w in (12) by the right hand side of (3) yields the desired mapping function (13) 
The mapping function (13) is visualized in figure 6 for an example geometry. There the bold solid lines represent the electrodes, the solid lines represent equipotentials, and the dashed lines represent the lines of electrical force.
a.iv Field equation
According to relation (4) the field equation depends on the conformal mapping function (13) and the gradient of the potential distribution grad(ψ(w)) of the reference setup. According to (5) and considering the domain of definition for (13), grad(ψ(w))=-2jV/π. Inserting this relation and the conformal mapping function (13) into (5) yields the field equation (14), which describes the electric field between the electrodes of the measurement setup where V represents the potential of the edge and the potential of the sensor array is set to zero. Figure 7 illustrates the electric field in the measurement setup. The field equation (14) can be utilized to analyse the measurement setup. Again conformal mapping will be utilized to obtain the field equation describing this measurement setup. Because of the larger number of electrode corners, an approximation method needs to be employed in order to be able to construct the SCT. The presented approach improves and extends previous work which has been presented in [14] . The model illustrated in figure 9 contains four corners. This means that the SCT parameters cannot be computed analytically. The SCT maps the auxiliary t 1 -plane illustrated in figure 10 to the model in figure 9 . The base form of the SCT for the modeled setup is obtained by in- . Details about this special function can be found in [12] or at [15] . Next, the remaining SCT parameters need to be determined. Inserting the SCT parameters yields the result for the SCT (21) which maps between the upper half plane in figure 10 and the contour in figure 9 . Due to the linearization an approximation error has been introduced to the conformal mapping function.
(21) Figure 11 . The auxiliary plane for the Joukowski transform illustrates the position of the introduced air gap.
b.ii Joukowski transform
Following the construction of the SCT, the Joukowski transform introduces the air gap to the mapping function by replacing the complex variable w in (21) by the right hand side of (2) which yields (22). Figure 11 illustrates the position of the air gap in the auxiliary t 2 -plane. The sensitivities at the position of the sensor array are computed by deriving (14) with respect to the geometric parameters. This approach yields equations which contain the edge angle α and the air gap length h and can be evaluated at arbitrary coordinates w.
The sensitivity of the measurement setup with respect to the air gap length h is given by (25). Figure 14 illustrates the sensitivity at the position of the sensor array for an example setup geometry. As expected, the sensitivity is inverse proportional to variations of h and the maximum sensitivity occurs at the point which is closest to the edge.
(25) Figure 14 . Visualization the sensitivity with respect to the air gap length h along the x-axis of the edge measurement setup for h=1 m, α=π/4 rad and V=1 V.
The sensitivity of the measurement setup with respect to the edge angle α is given by (26) where H n represents the n th harmonic number. Figure 15 illustrates the sensitivity at the position of the sensor array for an example setup geometry. It shows that the sensitivity is inverse proportional to variations of α and the sensitivity peaks at some distance from the point of symmetry. The sensitivity of the measurement setup with respect to the air gap length h is given by (27). Figure 16 illustrates the sensitivity at the position of the sensor array for an example setup. As expected, the sensitivity is inverse proportional to variations in h, and the maximum sensitivity occurs at the point which is closest to the blade tip. The sensitivity of the measurement setup with respect to the blade angle α is given by (28). 
V. CONCLUSION
In this paper the application of conformal mapping methods for constructing field equations for two different capacitive measurement setups has been presented. An approximation method for solving the SCT parameter problem has been introduced, which permits the analysis of more complex setups. The obtained field equations vastly simplify all further analyses concerning sensor design, measurement setup analysis, and sensor signal processing. In particular, this permits solving the inverse problem which consists in reconstructing the three dimensional shape of the objects which cause the two dimensional electric field distribution measured by the sensor array.
